Centres of Mass Involving Integration (From OCR 4763)

Q1, (Jan 2006, Q4)
(i} .2 2
Ij'd.':=J (4 — x%)dx =[4.‘:—13.r3] =?} Bl
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!+.1*1d1=J_+|:IE—813+.r4}dr M1
2 )2
1 2 128
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OR j._'r.rd}'=J y4- ydy
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MI Valid method of integration
r - k]
[, 3 : [ 3 s
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El Correctly obtained
2\ sr If‘% 15 omitted, marks for ¥
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(i) | - _12x0+65%0.75+65%275 M1 For 6.5x0.75+6.5x 2.75
' 12+65+6.5 M1 Using (Y m )3 =3 mx
2275
= =091
25 Al
—_12x0+65x1.6+65x1.6 . _
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(iii) M1 For CM vertically below A
Ml For trig 1n a triangle containing
fanf - 2091 109 &, or finding the gradient of AG
4-0832 3.168 Al Correct expression for tang or
tan{ 90 — &)
g=190 Al Accept 0.33 rad




Q2, (June 2006, Q4)

(i) . 4 ~ may be omitted throughout
I}r}" de=| mxdy M1
1
el 'l
=[L_:r1"]] =751 Al
Tyt dr
Jrxs M1
4
=I]E.T:dT _[lfij:l (=21x) A1
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x=
15m M1
=28
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(ii) |Cylinder has mass 3z p B1 Or volume 3z
Cylinder has CM at x=235 B1
M1 Relating three CMs
(457 p)x + (3mr pN2.5) = (757 p)(2.8) A1l (o and | or = may be omitted)
or equivalent, e.g.
< (7.57 pW(2.8) — (37 p)2.5)
. TSmp—-3mp
T—1 E1 Correctly obtained
5
(iii)(A) [Moments about A, Sx3-96x2=0 M1 Moments equation
=64 N Al
Vertically, R+ 5=96 M1 or another moments equation
Dependent on previous M1
R=312N Al
4
(B) |Moments about A, M1 Moments equation
§x3-96x2-6x1.5=0 Al
Vertically, R+5=9+6
R=35N, §=67N A1l Both correct
3
OR Add 3N toeachof Rand S M1 Provided R = S
R=35N, §5=6TN A2 Both correct




Q3, (Jan 2007, Q4)

(i)

Area isj ]—1dt=[—lj M1
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1( 1 M1 ( + needed for this mark )
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6L ) a1
|_L 6la’ —a”)
¢ E1
(i) (When a=2, ¥=2In2, y=4
tan & = lT_i M1 CM vertically below A
— 7
_ 2In2 -1
1-& A1 Correct expression for tan# or
g =28 .6° tan(90 — &)
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Q4, (Jun 2007, Q4)

(a) . [ 2
ﬁrm1ijsdx- =[d;x* ]”=4 BI
]
j.tyd:{ =J-_.1"1dx M1
L]
-[4x ] =64 Al
- 64
==—=16
X n Al
j%}'ldl’ =j $x%dx M1 Condone omission of +
o 3
_ 1 T o _ flq'
= [ﬁr ]n = T Al
1 2
Ty dx
y= j‘ M1
=
=16
= % e Al Accept 2.3 from correct working
(b)(i) . 2 " x may be omitted throughout
Volume 1s J-fr_]."d:r =j a4 —x")dx M1
1
=:r[4:r—_1—.1'"’ ]|1=%:r Al Fnr%
j}rl‘_h':dt =J-_:rxf4—x!}nlr M1
1
—.T[Zr—'—r‘q ]]3=%:r Al For
_?:_[:r:r.\:-’dt M1
j;r_}"dr
T 27 :
=4 - 135 El Must be fully correct
%;r 20
Height of solid is h =23 Bl _
(ii) Th=mgx035 ]]"l:ill Taking moments
F=T=010lmg, R=mg
Least coefficient of friction s % =0.101 Al Must be fully correct

(e.2. ADIf m =27 15 used)



(i)

Since a>1, @ —a<a’ -1
Hence x<2, ie x<15

(=]

M1

A1

M1

M1

A1

M1
E1

7 may be omitted throughout

Any correct form

or x—>15as a—>w

Fully convincing argument




Q5, (Jan 2008, Q4)

(i) & 1 x may be omitted throughout
!'=J mix ) dx M4
1
| B
=m| 3x* =3
ha J T A1
§ L
Fx= ]' Tx(x ¥ )P de
Dy M1
[ 4 J Y45
=m X . =—
4
! A
P
];'T M1 Dependent on previous M1M1
=—=375
4
A
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O .1=J'.1'-=:lr M4
1
5 5
5 9
= 3,7 | =22
_[ X L 5 4.5 A1
4 A
Ax = ]' x(x ¥ jdx
Dy M1
- R % 3
=l ix7 | ===186
137 J s A1
45 15
&
A ;=J L(x¥) e M1 If 1 omitted, award M1A0AQ
1
1 ]
. 3.
=| =x* ===1.5
R S
o151
© 45 3 A1
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(iii) ¥ 45 &/ (18.6 M1 Attempt formula for CM of
D] - [+B3)] 55 |=#3) v s composite body (one coordinate
J - 3 - .
: M1 sufficient)
Formulae for both coordinates;
signs must now be correct, but
areas (1 and 3.5) may be
wrong.
F=2 88 A1 ﬂonly!flf,x‘:_s
- 0625 Al 4 |ftonlyif 0.5<y <1
P Other methods: M1A1 for x
M1A1 for ¥
(In each case, M1 requires a
complete and correct method
leading to a numerical value)




Q6, (Jan 2009, Q4)

{ﬂ} i 5
j?}' dT_J '{g —x")dx M1 For integral of (a” —x7)
| 1
[ fet—p) |
-ia Al
3 3
}_' = 3~ 3
tra” M1 Dependent on previous M1
_da
3 El
(b)(i) x may be omitted throughout
k
I'=J:r}'3 l:h'=J. a{mx)” dr M1 For integral of X
'; oruse of V' =1zr’h and r=mh
=[ J_;:z'r.‘r::.rj1 ] —Jj-xm‘fi"’ Al
I
jﬂJ" dv =J' x(mx)” dx M1 For integral of x’
1]
—[ Lom'y! :Ih =Lom’p
L o 4 Al
_ %:rm:fi"
r=——
Lam' i’ M1 Dependent on M1 for integral of
x
—%Ir
El
(ii) .r:rr,=l$m'x{].?1x2.4p=%}szl.l'?ﬁ
VG, =18
_L 2 _L
m, =37x04"x1.1p=32px0.176 Bl For m, and m, (or volumes)
VG, =13+4x1.1=2.125 Bl or Lx1.1 from base
{(my; —my WVG)+my (VG ) = m (VG,) M1 Attempt formula for composite
(VG)+0.176x2.125=1.1T76x1.8 Fl body
Distance (VG)1s 1.74 m Al
(iii) | VQG is a night-angle M1
V) =Viceos & where lam‘?=% (@ =16.26) M1

24
Y()=17428=x—
25

=1.67T m

Al

ftis VG =096



Q7, (Jun 2010, Q3)

i) 5 s o may be omitted throughout
Volume 15 J- :r[— | dx M1 Limits not required
)
lh
: 1
=:r|:—l] l=E:r]| Al For ——
x |, 5 x
5 1y
J'—TI}': dx =J- 4 T[TW dx M1 Limits not required
| =4
5
=:r\‘ln:r J (=xln5) Al For Inx
i
¥ = 7ln3 — Sin> (2.012) Al SR If exact answers are not seen,
T 5|  deductonly the first Al affected
(ii) d
Area 15 j :d.r M1 Limits not required
1 -
5
=\‘]HIJ i=In5) Al For Inx
I
5 5
J' xydr =J {l] dr ( =[ . J —4) M1 Limits not required
1 x i
=2 (2485 Al
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i 2 j| 1y fl‘\:
=y dr =| | —| dx M1 For || —| dx
_ 33 x)
171’ l
= —— (==) Al For ——
2x |, 2x
¥y= ‘7{ = f0.2485 ) Al
In5 5in5 7
(i) ( 4 Do not penalise inexact answers in this
CM of R, 15 , = | .
2 SIns’ ns ) BIBI fi , jpart
(iv)
Bl ForCMof R, 1s (1, 1)
(one coordmate 15 sutficient)
. _}f, 4 ] . -}t'{ 500 (L) M1 Using Zm.r with three terms
naj) — |+ilns J+{ =
T = \In3 \Sn>5 M1 Using EH’H with at least two terms
In5+In5+1 > m
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Q8, (Jun 2013, Q4)

@ | @ 4 ,
= J' R._.':J (4—x)dx M1 For j- (_T\fld - x] dx x may be omitted throughout
0
4
4 l 64
=x| —x° —=x* [:—JT} Al For if‘—lx"
3 4 0 3 3
4 -
X = j' mxy” dy = J ax (4-x)dy M1 For j._'{j'z dy
0
1 51" |
=x| x*—=x | (=512x7) Al For x' ——x"
571, 5
- 512x
x= [Ty M1 Dependent on previous MIMI
3
=24 Al
[6]
{a) | (m) M1 Taking moments
. . Wi{24dcosg)=W(4simn @) is AD unless
Wi{24sind)=W(4cosd “aitect equation § ™ .
(Z.4s51né) (4cosd) Al FT Correct equation for required angle 0=90°— ¢ also appears
q
tan & = i ==
24 3
#=59.0° (3sf) Al FTis T.an_]é FT requires ¥ < 4
X

131




(b)

L
x=2+y?

[

§ L 3
AzJ (2+yH)dy :[2y+—y3
0 4

|

H p
AT = I%xl dy= J %[4+4}:‘§ + yz]dy

]

4 3
2y+=y3 +—y?
2 10

| '

496 62
—=—=1T77
28 35

Ay = jxy dy =J

0

(3 sh)

[z}-ﬂﬁjdy

X=

H

7 0 7
832
F=L=ﬁ=4_24 (3 sf)
28 49

Region under curve has CM (3.6, % )
28X +4x36=32x2

x=177

EEF+4>¢% =32x4

V=424

(=28)

(=496)

Bl

Bl

M1

B2

Al

M1

Al

2l.....

FT
For j-_t'z dy

34 3 2
FT for 2y4+ =3 4 — 1y
) 2'} Il._]"]r

Give Bl for one minor slip in integration,
or if ¥ omitted

CAD

For j-_'tj’ dy
FT for y° + %}-'}

CAD

B2B2

Bl (for 28)
M1
Al

M1

Al

Or 32-[}@:—2}4 ];

Or 32x2- I:_tydr

Or L(x-2)" +L(x-2)°

Or Lx(x-2)" - L (x-2)°

L
F
Or 1x° —3x% +4x’ -4y

Must he x
Or 32x4-— I:[‘Ejyz dx

Or B2 for L-(x - 2y’

Give Bl for one minor slip in
integration, or if ¥ omitted

Must be ¥

For integrals, as above




Q9, (Jun 2014, Q4)

(i) rk 2
Volume is J n:[e'x] dx M1  may be omitted throughout
0
k
=“[——3_HJ {=Ln(l-e*)) Al Fnr—]ie'l"
2 0 2
J-TL'E'_].-‘E dx M1
3 k 5.
= *m'“dr::rt[—%xe‘“ 1 g=2x ] AIAl |For —Lxe™* and —le2*
0 = ] E 4
=1a(l-2ke ¥ —e )
I ) e
xX= =i Al Any correct form
2{1-e )
ol ke 1k -
Al-e*) 2(1-e2*) 2 e -1
17]
(i) ) ) OR + =0 o.e. stated or implied
OG <3 for all values of k Bl e -1
Allow X — 5 as k — = for Bl
M1 Trigonometry in OAP or OAG
| -
OP =(1)tan30° =E (=0577) Al | Or OAG <tan™ 1 (=266°)
OG < 0P (or OAG <307) so0 G 1s to the nght of El Fully correct explanation

AP and solid will not topple

[4]




(iii)
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Any correct form

For j..__-,-z.;ix

Any correct form

1 —k
-?(]-FE }



(Q10, Jun 2015, Q4)

(a) @ 20
Area isJ xa=x) 4. M1
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a 3 4 5 ¢ 3
X =) 3 ]
=J YO gea| 2| (2L Al
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%n" 5
a 4 2
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5 o 7 3 . .
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La s
= _ 210 a
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(b) | (D) 3 .
Volume is J. :r{x] +16)dx MI & may be omitted throughout Condone consistent use of 2my~ efc
i
x ’
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r 123
¥=—"t—-=—" (=1.62) Al
57 76
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(b) | (1) | volume of 4 and B combined is 7x5% x3=T757
MI CM of composite body
— (123
(187)x; + {S?JT];\E] =(737)(1.5) A2 Give Al if just one error FT values from (i)
OR | 3 R
J x(25-(x? +16) | dx MI
0 :
8l
= —T e‘!'LI
4
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_ 9
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